In this note we give examples of rigid nilpotent associative algebras whose Jordan product algebras are not rigid. This will enable us to show that the variety of nilpotent complex associative algebras is reducible when the dimension is equal or greater than 3. For the special three dimensional case, the irreducible components of the varieties of threedimensional nilpotent Jordan and associative algebras are determined explicitly.
Introduction
It is well known that the concept of rigidity is, in some sense, a local one, and depends on the variety where it is considered. In this sense, an algebraic structure can be non-rigid when considered as an element in a variety, but rigid when restricted to certain subvarieties. This is for example the case for Lie algebras, where nilpotent rigid algebras in the subvariety of nilpotent Lie algebras laws have been found that are not rigid in the whole variety [5] . It is natural to ask whether two varieties of algebraic structures that are not contained in each other can have rigid points in their intersection. The aim of this work is to answer to this question in the affirmative. To this extent, we describe an example of an associative nilpotent Jordan algebra that is rigid in the variety of associative nilpotent algebras, but fail to be rigid when considered in the variety of nilpotent Jordan algebras. This situation also allows us to obtain some criteria on the components of these varieties. In particular, for low dimensions these components can be given explicitly.
The structure of this work is as follows: We first introduce the notion of characteristic sequence of a nilpotent algebra, which constitutes an invariant of its orbit under the natural action of the general linear group GL(n, C), and has the notable property of being stable by contraction. Then we prove that, up to isomorphism, there is a unique nilpotent associative algebra β with maximal characteristic sequence. This law is commutative, so β turns out to be simultaneously a Jordan algebra. Moreover, β is rigid and the Zariski closure of its orbit is an irreducible component of the variety. To prove the reducibility of A n , we find an associative algebra which cannot be obtained as a contraction of β. Moreover, for n ≥ 4 there is a non-associative Jordan algebra ϕ that contracts onto β, thus proving that the latter cannot be rigid in the variety of nilpotent Jordan algebras. Finally, we determine the isomorphism classes and the contractions within the varieties A 3 and J 3 .
Definition 1 An associative algebra law over C is a bilinear mapping β : C n × C n −→ C n satisfying the constraint:
The ordered pair (C n , β) is called associative algebra.
Definition 2 A complex Jordan algebra law is a symmetric bilinear mapping ϕ : C n × C n −→ C n for which the following identity holds:
The ordered pair (C n , ϕ) is called Jordan algebra.
There is a natural way to construct Jordan algebras from associative algebras. If β is an associative algebra, then
is a Jordan algebra called the Jordan product of β. If the product is commutative, then ϕ(x, y) = β(x, y) for all x, y ∈ C n and β is also a Jordan algebra. Conversely, most Jordan algebras can be embedded into an associative algebra, but there are exceptional Jordan algebras which are not the Jordan product of an associative algebra [8] From now on, the algebra will be identified with its law. In the case of associative algebras, non-written products will be supposed to be zero. If ϕ is a Jordan algebra, only non-zero products ϕ(e i , e j ), where i ≤ j, will be written.
Let ℑ = (C n , ϕ) be an algebra. For any m ∈ N we define a lower central series as the descending chain of subalgebras or zero spaces
Definition 3 An algebra ℑ is said to be nilpotent if there exists an integer
As proven by Albert in 1946, for Jordan algebras the concepts of solvability and nilpotency coincide. In particular, the previous definition would correspond to what is called strong nilpotence in [1] , which is seen to be equivalent to nilpotency in the broad sense.
1
The set of nilpotent associative algebras in dimension n will be denoted by A n , and the set of nilpotent Jordan algebras by J n . Let {e 1 , . . . , e n } be a basis for C n . It is possible to identify each associative or Jordan algebra with its structure constants over this basis, that is, to consider β ∈ A n or ϕ ∈ J n as the tensor (a
, respectively, the coordinates of which satisfy the following constraints
in the associative case, and
for the Jordan case. The nilpotency conditions are also of polynomial type, so that the previous and the nilpotence conditions imply that A n and J n possess a structure of algebraic variety embedded in C Let ℑ = (C n , µ) be a nilpotent algebra. For any x ∈ C n we define the endomorphism
Then ℑ is nilpotent if and only if R x is nilpotent for every x ∈ ℑ. In [4] , the concept of characteristic sequence of a nilpotent Lie algebra was introduced. This notion is formally still valid for other classes of algebras. If x is a non-zero vector in the complement of
dimensions of the Jordan blocks of the nilpotent operator R x . Let s(µ) be the least upper bound for the lexicographic order of the set {s µ (x) :
Let L n be the variety of nilpotent associative algebras A n or the variety J n . If µ 0 ∈ L n , we will denote by O(µ 0 ) the orbit of µ 0 under the action of the general linear group GL(n, C) :
where
If we endow the variety with the Zariski topology, then C is closed, so the closure for this topology O(µ 0 )
Z is also contained in C.
In analogy with the theory developed for Lie algebras, it ispossible to define a formal notion of limit in the variety L n . Let µ 0 ∈ L n be a nilpotent algebra and let f t ∈ GL(n, C) be a family of non-singular endomorphisms depending on a continuous parameter t. If the limit
exists for all x, y ∈ C n , then µ is called the contraction of µ 0 by {f t }. Properties as nilpotency, associativity or commutativity are all preserved by contraction.
Example 1 Let {e 1 , . . . , e n } be a basis for C n , and ϕ 0 a Jordan algebra defined in this basis by the relations ϕ 0 (e 1 , e 1 ) = e 2 and ϕ 0 (e 1 , e 2 ) = e 3 . If we consider the non-singular endomorphisms
the only non-zero products in the transformed basis
It is immediate that (5) holds for all e i , e j ∈ ϕ 0 . In the limit, an algebra isomorphic to ϕ(x 1 , x 1 ) = x 2 is obtained, so ϕ is a contraction of ϕ 0 .
Using the action of the general linear group GL(n, C) over the variety L n , it is easy to prove that a contraction of µ 0 corresponds to a closure point of the orbit O(µ 0 ). Thus, every irreducible component containing µ 0 contains also all the contractions of µ 0 . The change of basis x i = te i , i = 1 . . . n, induces a contraction of every nilpotent algebra over the Abelian algebra. Moreover, for every contraction µ 0 −→ µ the following inequalities hold:
open for the Zariski topology. A family {µ α } is called rigid if the union of orbits
It follows that rigid algebras can not be obtained as a contraction of other non-isomorphic laws in L n [9] . Indeed, rigidity of µ 0 ∈ L n implies that O(µ 0 )
Z is an irreducible component of the variety.
The example
It follows from the classification of two dimensional nilpotent associative algebras that the only algebras of the variety A 2 are, up to isomorphism, the Abelian algebra and the algebra defined by the law β(e 1 , e 1 ) = e 2 . Since the Abelian algebra is a contraction of β, A 2 is reducible.
Theorem 1 Let A = (C n , β) be a nilpotent complex associative algebra with maximal characteristic sequence s(β) = (n). Then β is isomorphic to β 0 , where β 0 (e i , e j ) = e i+j for all i, j such that i + j ≤ n. Moreover, β 0 ∈ A n ∩ J n .
Proof. If β ∈ A
n is an algebra with s(β) = (n), there exists a characteristic vector e 1 and a basis {x 1 , x 2 , . . . , x n } for C n such that β(x i , e 1 ) = x i+1 for i = 1, 2, . . . , n − 1. Thus {x 2 , . . . , x n } is a basis for the derived algebra C 2 (A) and {e 1 , x 2 , . . . , x n } is a basis for C n . Since β(e 1 , e 1 ) = a 2 x 2 + . . . + a 2 x n , with a = 0 (otherwise dim Im(R e1 ) < n − 1 and e 1 would not be a characteristic vector), if we take e 2 = β(e 1 , e 1 ) and e k = β(e k−1 , e 1 ) for k = 3, . . . , n, we obtain a basis {e 1 , e 2 , . . . , e n } such that β(e i , e 1 ) = e i+1 for i = 1, . . . , n − 1 and β(e n , e 1 ) = 0.
Replacing e i+1 by β(e i , e 1 ) and applying the associativity condition, we obtain that β(e 1 , e 2 ) = β(e 2 , e 1 ) = e 3 , β(e 1 , e 3 ) = β(e 3 , e 1 ) = e 4 and, in general, that β(e 1 , e i ) = β(e i , e 1 ) = e i+1 . Let fix 1 ≤ j < n and assume that β(e i , e j ) = β(e j , e i ) for i = 1, . . . , n − j. Then β(e i , e j+1 ) = β(e j+1 , e i ) for i = 1, . . . , n − j − 1 and β is a commutative algebra. It is straightforward to verify that β satisfies the Jordan condition. Thus, β ∈ A n ∩ J n . Similarly, if we assume that β(e i , e j ) = e i+j for i = 1, . . . , n − j, applying the associativity and β(e i , e 1 ) = e i+1 , we have:
β(e i , e j+1 ) = β(e i+1 , e j ) = e i+j+1 , for all i = 1, . . . , n − j − 1. Thus, β is isomorphic to β 0 .
Corollary 1 The variety A
n is reducible for n ≥ 3.
Proof. Since β 0 is the only nilpotent associative algebra with maximal characteristic sequence, β 0 is rigid and the Zariski closure of its orbit is an irreducible component of A n . If n ≥ 3, then let β be a nilpotent associative algebra such that the only non-zero product in a basis {e 1 , . . . , e n } is β(e 1 , e 2 ) = e 3 . It is obvious that β can not be obtained as a contraction of β 0 , because it is not commutative and commutativity is preserved by contraction. Thus, β belongs to another irreducible component and the variety is reducible.
For n ≥ 7, let us consider the law given by the relations ϕ(e i , e j ) = e i+j , i + j ≤ n, ϕ(e 3 , e 3 ) = e 6 + e n
It defines a Jordan algebra with maximal characteristic sequence s(ϕ) = (n), since e 1 is a characteristic vector and ϕ(e 1 , e i ) = e i+1 for i = 1, 2, . . . , n − 1. Indeed, ϕ is not isomorphic to β 0 , because β 0 is associative and ϕ is not.
Proof. It suffices to consider the family of non-singular endomorphisms given by f t (e i ) = 1 t i e i , i = 1, 2, . . . , n. The products in the transformed basis are:
and in the limit an algebra isomorphic to β 0 is obtained.
Remark 1
The above argument can be completed for lower dimensions. 
If n = 5, the same non-singular endomorphisms give a contraction of
ϕ(e i , e j ) = e i+j , ϕ(e 3 , e 3 ) = e 5 onto β 0 . In this case, ϕ is not rigid because it can be obtained by contraction of the Jordan law defined in a basis {e 1 , . . . , e 5 } by the non-zero products ϕ ′ (e i , e j ) = e i+j and ϕ ′ (e 3 , e 3 ) = e 4 .
In dimension six, we can consider the Jordan algebra
ϕ(e i , e j ) = e i+j , ϕ(e 3 , e 3 ) = e 5 + e 6 .
The contraction of ϕ onto β 0 is given by the family of parametric changes of basis f t (e i ) = t i e i , for i = 1, . . . , 6. Similarly, ϕ is not rigid in J 6 .
3 The varieties A 3 and J
3
In dimension three, there is only one nilpotent Jordan algebra with maximal characteristic sequence. In this paragraph we determine the isomorphism classes of J 3 , describe the irreducible components and extend contractions among their isomorphism classes.
Theorem 2 Let ϕ be a three-dimensional nilpotent complex Jordan algebra. If ϕ is not Abelian, then ϕ is isomorphic to one of the following pairwise nonisomorphic algebras:
1. ϕ 1 (e 1 , e 1 ) = e 2 , ϕ 1 (e 1 , e 2 ) = e 3 .
2. ϕ 2 (e 1 , e 1 ) = e 2 , ϕ 2 (e 3 , e 3 ) = e 2 .
3. ϕ 3 (e 1 , e 1 ) = e 2 .
Proof. Let ℑ = (C 3 , ϕ) be a nilpotent Jordan algebra. The possible values of the characteristic sequence s(ϕ) are (3), (2, 1) and (1, 1, 1 When applied to (e 1 , e 1 ) and (e 1 , e 2 ), the Jordan identity shows that R e2 ≡ 0. Since ℑ is nilpotent, ϕ(e 3 , e 3 ) = de 2 and from the Jordan condition it follows that d = 0. In this case there is only one nilpotent Jordan algebra defined by the law ϕ 1 (e 1 , e 1 ) = e 2 , ϕ 1 (e 1 , e 2 ) = e 3 . In the first case (a), we can find a basis {e 1 , e 2 , e 3 } for C 3 such that ϕ(e 1 , e 1 ) = e 2 .
If s(ϕ)
If the Jordan identity is applied to (e 1 , e 1 ), it comes that ϕ(e 2 , e 2 ) = 0. The nilpotency of ℑ implies that ϕ(e 2 , e 3 ) = 0 and ϕ(e 3 , e 3 ) = ae 2 . If a = 0, then with the change of basis x 1 = e 1 , x 2 = e 2 and x 3 = 1 √ a e 3 we obtain an algebra isomorphic to ϕ 2 (e 1 , e 1 ) = e 2 , ϕ 2 (e 3 , e 3 ) = e 2 . If a = 0, then ϕ is isomorphic to the Jordan algebra defined by ϕ 3 (e 1 , e 1 ) = e 2 .
Since the dimensions of the centers of these two laws are not equal, ϕ 2 and ϕ 3 are non-isomorphic.
In the case (b), there is a basis {e 1 , e 2 , e 3 } such that ϕ(e 1 , e 2 ) = e 3 and ϕ(e 2 , e 3 ) = ae 3 . The Jordan identity applied to (e 1 , e 2 ) implies that a = 0, and ϕ is necessarily isomorphic to the Jordan algebra defined by the law ϕ(e 1 , e 2 ) = e 3 .
However, if we take the change of basis x 1 = 1 √ 2 (e 1 + e 2 ), x 2 = e 3 and x 3 = − i(e 1 − e 2 ), an algebra isomorphic to ϕ 2 is obtained. Thus, there are no Jordan algebras for which the relation ϕ(x, x) = 0 holds for every characteristic vector x.
Let β be an associative algebra of the family {β 2,a } a =0 . The Jordan product algebra is given by the products ϕ(e 1 , e 1 ) = e 2 ϕ(e 1 , e 3 ) = 1 2 e 2 ϕ(e 3 , e 3 ) = ae 2
If we consider the change of basis x 1 = e 1 , x 2 = e 2 and x 3 = − a 2 √ a 3 e 1 + a √ a 3 e 3 , a law isomorphic to ϕ 2 is obtained, so ϕ 2 is the Jordan product algebra of {β 2,a } a =0 . However, the uniparametric family is rigid and ϕ 2 is not.
